Competition between the ferromagnetic double-exchange interaction and the super-exchange antiferromagnetic interaction is theoretically studied in the presence of geometrical frustration. As increasing the super-exchange interaction, the ferromagnetic metal becomes unstable, and is taken over by a cooperative paramagnetic metal, in sharp contrast with a discontinuous transition to the antiferromagnetic insulator in the absence of frustration. In the critical region, the system exhibits a peculiar temperature-independent behavior with highly incoherent transport, suggesting a large residual entropy at low temperatures. We discuss the relevance of the results to the pressure-induced behaviors in Mo pyrochlore oxides [S. Iguchi et al., Phys. Rev. Lett. 102, 136407 (2009)].
Competition between the ferromagnetic double-exchange interaction and the super-exchange antiferromagnetic interaction is theoretically studied in the presence of geometrical frustration. As increasing the super-exchange interaction, the ferromagnetic metal becomes unstable, and is taken over by a cooperative paramagnetic metal, in sharp contrast with a discontinuous transition to the antiferromagnetic insulator in the absence of frustration. In the critical region, the system exhibits a peculiar temperature-independent behavior with highly incoherent transport, suggesting a large residual entropy at low temperatures. We discuss the relevance of the results to the pressure-induced behaviors in Mo pyrochlore oxides [S. Iguchi et Interplay between spin and charge degrees of freedom is a central issue in the field of strongly-correlated electron systems. A main goal is to clarify how magnetic and charge fluctuations are related with each other and how various phase transitions such as magnetic ordering and metal-insulator transition emerges from the interplay.
One of the fundamental models describing the interplay explicitly is the double-exchange (DE) model [1] , which has been extensively studied for understanding the physics of colossal magnetoresistance (CMR) in perovskite manganese oxides [2] . It has been clarified that the model exhibits a first-order phase transition with a bicritical behavior between a ferromagnetic metal (FM) and an antiferromagnetic (AF) insulator [3, 4] . The FM is stabilized by the DE interaction which is an effective ferromagnetic interaction originating from the strong coupling between itinerant electrons and localized moments, while the AF insulator is stabilized by the super-exchange (SE) AF interaction between localized moments. It was also discussed that the FM state competes with a charge-and/or orbital-ordered insulator in extended DE models including the electron-lattice coupling and the orbital degeneracy [5, 6] .
In general, magnetism is strongly influenced by the geometry of underlying lattice structure. In the absence of geometrical frustration, AF interaction leads to a simple Néel-type AF ordering, whereas it becomes unstable against the frustration, resulting in nontrivial phenomena such as a complicated ordering, a glassy state, and a spin-liquid state [7] . The frustrated magnetism in localized spin systems is an interesting long-standing issue, but it will be more intriguing to clarify the effect of geometrical frustration in spin-charge coupled systems. The interplay between the frustrated magnetism and the electronic transport is expected to yield characteristic spincharge entangled phenomena.
There are many compounds in which the spin and charge degrees of freedom couple with each other under frustration. Among them, Mo pyrochlore oxides R 2 Mo 2 O 7 are interesting because they exhibit phase competition between FM and spin-glass insulator (SGI) by changing the rare earth R [8, 9] . In these compounds, Mo cations constitute the severely-frustrated pyrochlore lattice, which consists of the 3D network of corner-sharing tetrahedra, as shown in the inset of Fig. 1 . It was pointed out by the first-principle band calculation that FM is stabilized by the DE interaction, while the transition to SGI is triggered by the Coulomb repulsion between Mo 4d electrons and the resulting Mott localization [10] .
Recently, several new features were revealed in the Mo pyrochlore oxides under external pressure [11, 12] . The pressure induces a transition from FM to a peculiar paramagnetic metallic (PM) state, in which the resistivity is highly incoherent and almost temperature(T ) independent. In addition, a spin-glass metallic (SGM) phase is found in between. There is no metal-insulator transition, which is clearly distinguished from the situation in the Rsite substitution at ambient pressure. It is highly desired to elucidate relevant interactions to the pressure-induced behaviors.
Motivated by both the theoretical and the experimental problems, in the present study, we investigate the phase competition in the DE model defined on the 3D frustrated pyrochlore lattice. We employ the unbiased Monte Carlo simulation and illuminate distinctive aspects of the frustrated spin-charge coupled system.
The Hamiltonian of the DE model is given by
where t is the transfer integral for nearest-neighbor (n.n.) sites ij on the pyrochlore lattice in the inset of Fig. 1 , J H represents the Hund's-rule coupling between the itinerant electron spin s i and the localized spin S i , and J AF is the SE interaction between the neighboring localized spins. Some possible symmetry-broken states were examined for this model by mean-field approximation [13] . For simplicity, hereafter, we consider the limit of J H → ∞ and treat the localized spins S i as classical vectors with a normalized length |S i | = 1 [14] . We set an energy unit as t = 1. In the following, we investigate the properties of the model (1) at quarter filling (0.5 electron per site on average) [15] .
We employ the Monte Carlo simulation to study the thermodynamic properties of the model (1). The algorithm is a standard one in which configurations of classical localized spins are sampled by Monte Carlo procedure; the Monte Carlo weight is calculated by the exact diagonalization of the fermion Hamiltonian matrix for a given spin configuration [16] . The system sizes N s are 16, 32, 64, and 128 sites which correspond to 1× 1×1, 1× 1×2, 2× 2×1, and 2× 2×2 cubic unit cells. We take an average over the twisted boundary conditions [17, 18] , which enable systematic analysis within the small size clusters down to T ≃ 0.01. The details and the efficiency of this technique are found in Ref. [19] . Figure 1 shows the phase diagram of the model (1) at quarter filling. The ferromagnetic transition temperature T C decreases gradually as increasing J AF , and approaches zero at J AF ∼ 0.1. Here, T C is estimated by a systematic analysis of the Binder parameter [19] . After the FM state fades out, we do not find any clear sign of phase transition as will be discussed below. (We will mention about |Θ| and the CPM state later.) These behaviors are contrastive to the results in the absence of frustration, where a bicritical behavior appears with a first-order transition to an AF insulating state [3, 4] . In the present model, the frustration of the pyrochlore structure is severe enough to suppress the AF ordering and replace it with a paramagnetic state. Instead of the bicritical behavior in the unfrustrated cases, an electronic phase separation (PS) takes place at low T as shown in the phase diagram. In this region, the system is phase-separated into FM at a lower density and PM at a higher density, that is, quarter filling is no longer stable: PS is identified by a jump of the electron density as a function of the chemical potential. This metal-tometal phase separation is a characteristic feature due to the frustration which suppresses AF ordering, however, we focus on the competition between FM and PM at quarter filling in the following, except for a brief comment related to experiments later. The details of PS will be discussed elsewhere.
In Figs. 2(a) and 2(b), we show T dependences of the squared moment m 2 = ( i S i /N s ) 2 and the inverse of the uniform magnetic susceptibility, χ −1 . In the small J AF region, the ferromagnetic moment grows rapidly as decreasing T , and at the same time χ shows a peak whose height grows with the system size [19] : These signal the ferromagnetic transitions. As J AF increases, however, the growth of m 2 is suppressed gradually, corresponding to the collapse of FM in Fig. 1 . In the larger-J AF region, m 2 becomes zero and χ is suppressed. As shown in Fig. 2(b) , χ exhibits a Curie-Weiss like behavior at high T ; χ −1 ∝ T − Θ, where Θ is the CurieWeiss temperature. The estimate of Θ, obtained by fitting the high-T part, is plotted in Fig. 2(c) . Θ decreases from positive to negative continuously as increasing J AF , and crosses zero at J AF ∼ 0.1. This indicates that the effective magnetic interaction changes from ferromagnetic to antiferromagnetic continuously, and vanishes near the critical region at J AF ∼ 0.1 where T C goes to zero. This suggests a cancellation between the DE ferromagnetic interaction and the SE AF interaction. Such cancellation is also observed in the spin correlation. Figure 3 shows the distance-dependence of the spin correlation S i · S j for three typical values of J AF = 0.0, 0.1, and 0.2, corresponding to FM, critical, and PM regions, respectively. In the FM region [ Fig. 3(a) ], the spin correlation grows rapidly as decreasing T , and converges to a positive value for large distance. In the critical region at J AF ∼ 0.1, however, the spin correlation hardly develops as shown in Fig. 3(b) . This indicates that the spins remain disordered due to the cancellation between the DE ferromagnetic interaction and the SE AF interaction.
In the PM region with large J AF , AF correlation develops only for short range at low T [ Fig. 3(c) ]. This is remarkable since Θ increases its magnitude with J AF , as shown in Fig. 2(c) , indicating a large effective AF interaction J eff ∼ Θ/8. The suppressed AF correlation as well as no clear sign of phase transition is due to the strong frustration inherent to the pyrochlore lattice structure. This type of frustrated paramagnetic state below T ∼ |Θ| is often called a cooperative paramagnet or a classical spin liquid [20, 21] . We call the region as cooperative paramagnetic metal (CPM) and indicate it in Fig. 1 by plotting |Θ|. Note that the susceptibility in the CPM region exhibits a characteristic behavior at low T ; it deviates from the high-T Curie-Weiss behavior and shows a broad peak at T ∼ J eff , as plotted in Fig. 2(d) .
These drastic changes in the magnetic sector affect the electronic state through the strong spin-charge coupling in the model (1). In Fig. 4 , we present the density of states (DOS) D(ω) and the optical conductivity σ(ω) for the same set of J AF in Fig. 3 . DOS is plotted by setting the chemical potential to be zero, and σ(ω), a diagonal element along the cubic axis, is calculated by the standard Kubo formula. In the FM region [Figs. 4(a) and 4(d) ], both D(ω) and σ(ω) show a strong T dependence, corresponding to the development of ferromagnetism. Note that the low-T results are similar to those for the nonin- , T dependence is suppressed but still remains at low T , reflecting the growth of short-range AF correlations in Fig. 3 (c) [22] . In the critical region, neither D(ω) nor σ(ω) exhibits any significant T dependence as exemplified in Figs. 4(b) and 4(e), corresponding to the suppression of spin correlation down to the lowest T in Fig. 3(b) . Here the electrons are scattered by almost uncorrelated moments, resulting in the highly-incoherent conductivity shown in Fig. 4 (e). Thus our model exhibits a T -independent, incoherent electronic state due to the competition between the DE ferromagnetic interaction and the SE AF interaction. In this critical region, spin fluctuations remain down to low T , leading to a large amount of residual entropy. In Fig. 5(a) , we plot the internal energy per site, E = H /N s , as a function of T . For small J AF , E shows a rapid decrease as T decreases and an inflection point (indicated by arrows in the figure), corresponding to the ferromagnetic transition, but the decrease is gradually suppressed as J AF increases. At J AF ∼ 0.1, the T dependence of E becomes minimum, whereas it is slowly recovered for larger J AF without showing any anomaly associated with a phase transition. Hence E shows the smallest T dependence in the critical region. Here both the kinetic energy of electrons and the SE energy between localized moments become less T dependent, as shown in Figs. 5(b) and 5(c). These results suggest a large amount of entropy remaining at lower T , since the entropy is given by T integration of the specific heat dE/dT di- vided by T . Although the entropy is not well defined in the model including classical vector spins, we believe that the almost T -independent behavior is robust even for more realistic models and that the residual entropy is widely observed in the frustrated DE-type models. If this PM state survives down to the lowest T , the system will be a non Fermi liquid [23, 24] and show a large mass behavior. Another possibility is that some symmetry breaking eventually takes place at a lower T beyond our numerical limitation. Finally let us discuss the implication of our results to experiments. Mo pyrochlore oxides R 2 Mo 2 O 7 are found to show puzzling behaviors under external pressure in contrast to the R-site substitution at ambient pressure, that is, a collapse of FM and an emergence of the peculiar PM state with showing T -independent incoherent transport [12] . These are well reproduced in our results. In addition, the experimentally-observed SGM state may be accounted by our PS state: Coexisting phases potentially lead to domain formation in the presence of long-range interactions such as Coulomb repulsion, and the domains pinned by randomness can result in cluster-glass like behaviors [25] . The agreement suggests that (i) our simple DE model captures an essential physics of the pressure effect on the complicated compounds and (ii) the geometrical frustration plays a major role in the pressure-induced phenomena where competition between DE and SE interactions are important. These are in sharp contrast to the previous study which focused on the relevance of Coulomb repulsion in the R-site substitution at ambient pressure where the metal-insulator transition is observed [10] . Such observations are important for understanding of the distinctive physics between the R-site substitution and the external pressure. Further experiment on the structural change under pressure will help to understand the microscopic origin of the difference between the two effects. Our result, moreover, predicts a non-Fermi-liquid behavior with a large quasiparticle mass or some symmetry breaking at low T in the critical region. It is highly desired to examine experimentally the lower T behavior under pressure in more detail.
To summarize, we have studied the phase competition in the double-exchange model on the frustrated pyrochlore lattice. In sharp contrast with the unfrustrated models studied for the CMR manganites which exhibit bicritical behaviors between ferromagnetic metal and antiferromagnetic insulator, we found that the ferromagnetic metal gradually collapses against the superexchange interaction, and finally a paramagnetic incoherent metal takes over. In the critical region, the localized moments are almost uncorrelated down to low temperatures, and the electronic transport becomes almost temperature independent and highly incoherent. The results are favorably compared with the pressure-induced phenomena in Mo pyrochlore oxides, and in addition, predict a large residual entropy. These interesting aspects originate from the interplay between itinerant electrons and frustrated magnetism. Such interplay is widely seen in many frustrated materials and awaits future study.
We would like to thank Y. Tokura, S. Iguchi, K. Penc, and A. Georges for fruitful discussions. This work was supported by Grants-in-Aid for Scientific research (Nos. 17071003, 19052008, 17740244, 16GS0219, and 21340090), by Global COE Program "the Physical Sciences Frontier", and by the Next Generation Super Computing Project, Nanoscience Program, MEXT, Japan.
